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Abstract. Our goal is to develop a general formalization of abstract
algebra suitable for a general reasoning. One of the most common ways
to formalize abstract algebra is to make use of a module system to specify
an algebra as a theory. However, this approach suffers from the fact that
modules are usually not first-class objects in the formal system. In this
paper, we develop a new approach based on the use of dependent record
types. In our account, all algebraic structures are first-class objects, with
the natural subtyping properties due to record extension (for example, a
group is a subtype of a monoid). Our formalization cleanly separates the
axiomatization of the algebra from its typing properties, corresponding
more closely to a textbook presentation.

1 Introduction

The notions of abstract algebra are central to many areas of mathematics. Ab-
stract algebra has also made many contributions to computer science, including
abstract data types and object-oriented programming. Therefore we believe that
having an easily accessible formalization of the abstract algebra notions in a for-
mal system could be of great value. Formalization of many areas of mathematics
could be based on such abstract algebra theory; and formalization of many com-
puter science concepts could be modeled after it.

In this paper we explore a formalization of the abstract algebra concepts in
type theory, based on the notion of an extensible record type. This is a part of
larger effort to explore different approaches to formalizing basic abstract algebra
concepts to find out which approach works the best. In particular, we want to find
a formalization that is as close as possible to the standard text—book exposition
of abstract algebra and corresponds closely to our intuition.

The group concept is the most central of all algebraic concepts; indeed, the
techniques employed in group theory have long served as a pattern for other
topics in algebra [4]. Therefore it is not surprising that the axiomatization of
the abstract algebra concepts presented in this paper is centered around the
axiomatization of the group and axiomatizations of other abstract algebra notions
are very similar to the one of the group.

Of course, we are far from being the first ones to work with abstract algebra
or group theory in a formal system. For example, Gunter working with [HOL [7]
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has proved group isomorphism theorems and shown the integers mod n to be an
implementation of abstract groups [§]. Jackson has implemented computational
abstract algebra in the NuPRL system [3/13,14]. And in IMPS [5] there is a notion
of little theories [6] which they use for proving theorems about groups and rings.

One difference is that most, if not all, previous efforts concentrated on proving
a specific “big theorem” and their main criterion for picking a certain axiomati-
zation of basic concepts was to simplify the proof of that theorem. In contrast,
in this paper we are primarily concerned with creating an axiomatization that
would be natural and easily accessible to the widest possible range of theorems
and applications.

Kammiiller and Paulson [15] have proved Sylow’s theorem in [Isabelle-HOL, a
large proof that required mechanizing a great deal of group theory. As Kammiiller
and Paulson state, one of the most common ways to formalize algebra is to make
use of a module system, specifying the group as a theory. The main drawback of
this approach is that modules are not first-class objects: it is difficult to quantify
over them. To address this problem, Kammiiller and Paulson proposed the de-
velopment of a “section” concept, which would be like a module, but would be
a first-class object that would capture only the formal parts of that module. In
this paper, we propose the use of dependent record types to address this specific
problem. In our formalization, records are used for providing a first-class formal-
ization of algebraic objects, while also providing properties like inheritance and
subtyping.

2 MetaPRL and Dependent Records

2.1 MetaPRL

MetaPRL! [9,12] is the latest system in the PRL family of theorem provers. The
MetaPRL/system combines the properties of an interactive LCF-style tactic-based
proof assistant, a logical programming environment, and a formal methods pro-
gramming toolkit. MetaPRL!is also a logical framework that allows for reasoning
in different logical theories. Its most extensively developed and most frequently
used theory is a variation of the NuPRL intuitionistic type theory [3] (which in
turn is based on the Martin-Lof type theory [17]).

2.2 Dependent Records
Records are tuples of labeled fields. We use the following syntax for records:
{r1=a1;...;2, = apn}

where z1,...,x, are labels of the string type and aq,...a, are corresponding
fields. Each field of a record may have its own type. If each a; has type A;, then
the above record has the type

{z1: Ay;. . 5xn: And.
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Reduction rules {r;x =a}.x — a {r;jy=a}.x — r.x when z £y
In particular: {x1 =ai;...;xTn = an} .x; — a; when all x;’s are distinct.
Type formation

I' - Ry Type I'; self: Ry - Ra[self] Type
I' - {R1; Rz[self]} Type

Introduction (membership rules)

I'treR I'tr € Rar] I' - {R1; Ra[self]} Type
I'+r € {Ry; Ra[self]}

Elimination (inverse typing rules)

I'+r € {Ry; Ra[self]}
I'treRr I'tr € Rar]

Table 1. Inference rules for dependent records

In dependent records (or more formally dependently typed records) the type
of fields may depend on values of the previous fields. In general a dependent
record type has the following form

{z1: Ar;29: Agxq];. . 520 An 1, s 1]} -
Formally speaking, inMetaPRL/we have two operators for constructing records:

— the constant {} for the empty record;
— the ternary operation {r;z = a} for the record extension.

We also have two constructors to form record types:

— the constant {} for the empty record type (that contains all records);
— the ternary operation {self: R;x : A[self]}.

Here variable self is bounded in A. It refers to the record itself as a record of the
type R. For example we may write something like

{self: {x: A};y: B[selfx]}.

When we use the name “self” for this variable, we can use the shortening
{R; A[self]} for this type. Also we omit “self.” in the body of A, e.g. instead
of {R; Al[self.x; self.y]} we write just {R; A[x,y]}. We assume that the ternary
operations are left associative. For example, we write {x: A;y: B;z: C} instead

of {{{{};z: A};y: B};z: C}.
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There is also a binary operation r.z for field selection, such that
{r1=a1;... 52, = an} .z < a;.

In MetaPRL| dependent records are defined using another primitive operation:
dependent intersection [16]. The basic rules of our record calculus are shown in
Table [1.

3 Formalization of Group Theory

The record calculus presented above gives us a natural way of formalizing the
basic group theory definitions. It allows us to formalize the type restrictions
on group operators (which are often kept implicit in mathematical textbooks)
separately from the formalization of the actual axioms.

3.1 Formalization of Group-like Objects

Groupoid With dependent record, we formalize groupoid as:
Groupoid; < {Car: U;; *: Car — Car — Car}.
Semigroup Since a semigroup is a groupoid in which the binary operation is
associative, we use a predicate to describe the constraint:
isSemigroup(g) <> Vx: Cary.Vy: Car,.Vz: Carg.(x%gy) g2 = T*, (Y*42) € Car,.
Then the set of semigroups can be defined as
Semigroup; < {g: Groupoid, | isSemigroup(g)} .

Note that {z: A | P[x]} is a standard type constructor for “set” in the NuPRL
type theory, the elements of which are those elements x € A where the proposition
P[z] is true.

Obviously we can derive that a semigroup is also a groupoid.

Monoid A monoid is a semigroup with an identity element. So we first extend
the dependent record Groupoid; with an extra field - the identity field,
Premonoid; < {Groupoid;;1: Car},
and then define a predicate describing the constraint for a monoid
isMonoid(g) < isSemigroup(g)AVx: Cargy.(lgxqx = & € CargAxkyly = x € Cary).
Then the set of monoids can be defined as
Monoid; < {g: Premonoid; | isMonoid(g)} .

From our definition, a monoid is also a semigroup.
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3.2 Formalization of Groups

For groups, we extend Premonoid; with an “inverse operation” field,
Pregroup; < {Premonoid;;inv: Car — Car},
and define the constraints for a group

isGroup(g) < isSemigroup(g) AVz: Car,.(15 %, x = x € Carg)A
Va: Carg.(z, ' gz =1, € Cary)
where x;l is the pretty-printed format of inv,x.
Then similar as the set of semigroups and the set of monoids, the set of groups
is defined as
Group; < {g: Pregroup, | isGroup(g)}.

The corresponding inference rules for groups are presented in Table 2l
Theorem 1. All rules in Table|2 are derivable from the definitions given above.
Proof. All these rules were derived in the MetaPRL system.

Now we can prove a set-and-binary-operation combination, for example, (Z, +),
is a group, i.e.,

{Car = Z;* = Az \y.(x + y); 1 = 0;inv = Az.(—z)} € Group,

by applying the group introduction rule and then the Pregroup introduction and
isGroup introduction rules.

Many properties of groups are immediate under the elimination rules, like
those in Table [3.

We have also proved many useful theorems about groups in MetaPRL. For
example, the left inverse/identity is also the right inverse/identity; a group is
also a monoid; the identity is unique; the inverse operation is unique; for any
g € Group, and a,b,c € Carg, a*, b = a %4 c € Car, implies b = ¢ € Carg, and
(axgb),t =b, ' *ga;" € Carg.

In [MetaPRL, these theorems are proved in a straightforward way. The basic
idea is similar to that done by hand, but since MetaPRL provides some automated
reasoning, some proofs might be easier. For illustration, we present a proof of one
of the theorems.

Suppose we have already proved that the left inverse is also the right inverse,
and now we want to prove the left identity is also the right identity

I'+ g € Group, I't-a € Cary
I'taxz1, =a€ Car, ’
Our idea for proving it is

-1
g

axglyg=ax,(a *ga):(a*gagl)*gazlg*ga:a,
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Type formation

P
resroup I' & Pregroup,; Type
I' Cary Type I';x: Carg;y: Carg F o x4y € Carg
G I'1, € Car, I'x: Cargbx," € Carg
1shroup I' - isGroup(g) Type
G
roup I' = Group,; Type
Introduction
I'+ g € {Car: U;; *: Car — Car — Car;1: Car;inv: Car — Car}
Pregroup
I' - g € Pregroup,
I't+ Cary Type It isSemigroup(g)
. I'iz:Carg F 1y g2 =2 € Caryg I';z: Carg #xgl xgx =14 € Carg
isGroup -
I' - isGroup(g)
I' g € Pregroup, I' - isGroup(g)
Group I'-g € Group;
Elimination
Pregroup I';g: {Car: U;; *: Car — Car — Car;inv: Car — Car}; Alg] - C[g]
I'; g : Pregroup;; Alg] F Clg]
I';u: isGroup(g);w: Va: Carg.(1g g x = x € Cary);
v: Va: Cary.Vy: Carg.Vz: Carg.(x x4 y)*g = T %4 (y *4 2) € Carg;
) y: Va: Carg.(z, " %y x = 1, € Cary); Alu] F Clu]
isGroup =
I';u: isGroup(g); Alu] F Clu]
Group I'; g: Pregroup,;u: isGroup(g); Alg] F Clg]

I'; g: Group,; Alg] F Clg]

Table 2. Inference rules for groups




Membership

I'+g € Group, I' =g € Group,
I'Cary € U; I' x4 € Cary — Cary — Cary
I'+g € Group, I' g € Group;
I'+14 € Carg I' +inv, € Cary — Cary

Associativity

I'-ge€ Group;, I'Fae€Cary I'Fbe Cary I'Fce€ Cary
I'F (a*gb)xgc=axg (bxgc) € Caryg

Left identity and left inverse

I'-g € Group; I'Fac Cary I'-ge€ Group; I'Fac Cary
I'1g%5a=a € Carg [‘I—x;l*gazlgECarQ

Table 3. Some simple group properties

where the second equation holds because of the associativity of *, and the third
holds because the left inverse is also the right inverse.

To prove it in the MetaPRL| proof editor, we first replace 1, with a;l *g
a, which can be done by a tactic substT provided by IMetaPRL. The usage is
substT (@ = b € A) i, which replaces all occurrences of the term a with b in
clause 7 (i = 0 implies the conclusion). So we navigate to this rule and apply the
substT (1, = a_ ! %, a € Cary) 0 thenT autoT tactic.”

g
Two subgoals are generated. The first one,

I'+ g € Group, I't-a € Cary
I't1,=a;" *4a € Car,

is trivial since we have

I'+ g € Group, I'ta € Carg
I'ag'sya=1,¢ Car,

and = is symmetric. So, by applying the equalSymT thenT autoT tactic, this
subgoal is proved.
As for the second subgoal,

I' - g € Group, I't-a € Carg

I'Fax, (ag" %, a) = a € Car,

we can utilize the associativity property of groups (listed in Table[3) by applying

the tactic substT (a %, (a, ' *4a) = (a;' *4a) #4a € Cary) O thenT autoT, which

3 The autoT tactic performs “automated” proving based on repeated application of
several “basic” tactics; and the infix function thenT is a tactical used for sequencing
[10]: the proof first applies the substitution, and then applies the autoT tactic.
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generates two new subgoals

I' F g € Group, I't-a € Cary

I'Fax,(ag" %5 a) = (ag' %4 a) *, a € Car,

and
I'+ g € Group, I't-a € Cary

I'k(a*ga5")%,a=ac Car,

The first one can be eliminated with the use of equalSymT. In the second one

a *g a;l can be replaced with 1, thanks to the right inverse property we have

proved. After this substitution, we get the subgoal of proving 1 %, a = a, trivial
by the left identity property (listed in Table [3). This completes the proof of this
theorem.

For all the theorems proved as well as their proofs, see [11].

3.3 Formalization of Abelian Groups

If we define a predicate
isCommut(g) < Vx: Car,.Vy: Carg.(x x4y =y x4 x € Cary),

then commutative semigroups, commutative monoids, and abelian groups can be
defined respectively as

Csemigroup,; < {g: Semigroup, | isCommut(g)};

Cmonoid; < {g: Monoid; | isCommut(g)};
Abelg;, < {g: Group, | isCommut(g)} .

Their type formation, introduction, and elimination rules are simple. For exam-
ple, for Abelg;, we have

I't g € Group, I+ isCommut(g)
I' - Abelg; Type I' g e Abely,

I';g: Group,;u: isCommut(g); Alg] F Clg]
I';g: Abelg;; Alg] = Clg]

where
I' = Cargy Type I' = Cargy Type
I';z,y: Carg Fx xgy € Carg I'sz,y: Carg Faxgy =y *gx € Carg
I' - isCommut(g) Type I' - isCommut(g)

I';u: isCommut(g);v: VYa: Carg Vy: Carg.(z %gy =y 4 x € Cary); Afu] F Clu]
Iy u: isCommut(g); Alu] = Clul ’

Apparently, if g € Abelg, then g € Group;.



3.4 Formalization of Subgroups
First we define the generalized “subStructure” for all groupoids:
h Csir g <« Carp, C Carg A x4 = %), € Cary, — Carp — Cary,.
Then, for example, the submonoid can be defined as
h CMonoid; 9 < h € Monoid; A g € Monoid; N h Cgyr g
and the subgroup
h CGroup, 9 <> h € Group; A g € Group; AN h Cgsy g.

We proved that if s Cgroup, g, then

1. Cary is closed under *g4;
2. 14 =1, € Carg;
3. for all a € Carg, ag_l =a;! € Car,.

We also proved the intersection of two subgroups is again a subgroup:

I' S1 gGroupi g I+ 52 gGroupi g
I' = {Car = Cary, N Carg,;* = *g;1 = 1g;inv = invy} Caroup, 9

3.5 Formalization of Cyclic Groups

The group power operation Suppose g is a group. For any element a € Carg,
we define

A%y Q*g ... ¥g @ ifn>0
n
= eg ifn=0

—-1 —-1 -1
Ay *g Qg *g .. %g Qg ifn<O0

—n

as the power operation of the group g based on a (a is the base).
We formalize it with mathematical induction as
1 .
a*gay™ ifn>0
a’ = eg ifn=0,
ag ! xgaltif n <0

@3

where n is of the integer type. By induction, if a is in Cary, then ay is in Cary,

and for any m,n € Z, a]' x4 a? = aj*t" € Carg and (a)") = ay " € Car,. Also,

if s CGroup, 9, then for all a € Cars and n € Z, ay = ay € CarS



The cyclic group We define a predicate
isCyclic(g) < Ja: Car,.Va: Carg.In: Z.(z = ay € Cary)
to describe a group g is cyclic. Its inference rules are listed below:

I'-g e Group; I'Fac Carg
't g € Group, . I'iz: Carg b 3n: Z.x = ay € Car,
. Introduction -

Type formation

I' - isCyclic(g) Type I' +isCyclic(g)

Iy isCyclic(g); a: Carg; Va: Carg.3n: Z.(z = ay € Cary); Alz] - Clx]
sz isCyclic(g); Alz) F Clx) ’

FElimination

Every cyclic group is abelian. And every non-trivial subgroup of a cyclic group
is cyclic.
The cyclic subgroup The cyclic subgroup of g generated by a is defined as
cycSubg(g; a) < {Car = {x: Carg | In: Z.x = ay € Carg} k=gl = 1g;inv = invg} .

We have g € Group; implies cycSubg(g; a) € Group; and cycSubg(g; a) Ccroup, 9-

3.6 Formalization of Cosets and Normal Subgroups
We define the left coset and the right coset as
Leoset(s; g;b) <> {z: Cary | Ja : Cars.(x = b*,a € Cary)},
Reoset(s; g;b) < {x: Car,y | Ja : Cars.(x = a4 b € Carg)},
and normal subgroup as
5 < g < 8 Caroup, 9 N Va: Carg.Leoset(s; g;x) =, Reoset(s; g; x)

where =, means extensional equality.
Then both cosets are subsets of the carrier of g

I't s Caroup, 9 I'=b e Carg I't s Caroup, 9 I'=b e Carg
I' - Leoset(s; g;b) C Car,, I' F Rcoset(s; g;b) C Car,,

and all subgroups of abelian groups are normal

't s Caroup, 9 I' F isCommut(g)
I'Fs<;g )

10



Type formation

I'+ f € Carp, — Cary
I' - Carp, Type I';x: Carp;y: Carp o %, y € Cary,
I' - Cary Type I';z: Carg;y: Carg -z x4y € Carg

i H
isGroupHom I' - isGroupHom(f; h; g) Type
'+ Carp, Type I';x: Carp;y: Carp b o xp y € Cary,
G H I' + Cary Type I';x: Carg;y: Carg Fx x4y € Carg
rouptiom I' + GroupHom(h; g) Type
Introduction
I' = Carp, Type
<G o I';x: Carp;y: Carp - f (x*py) = f x %4 fy € Carg
1SroupHom I' + isGroupHom(f; h; g)
I' - h € Group; I'+g € Group,
o . I't+ f € Carj, — Cary I' - isGroupHom(f; h; g)
rotip=om I'+ f € GroupHom(h; g)
Elimination
I;u: isGroupHom(f; h; g); Alul;
G . v: Va: CarpVy: Carp.f (xxpy) = f % fy € Carg F Clu]
1iarouptiomn I';u: isGroupHom(f; h; g); Alu] F Clu]
I'; f: Carp, — Carg;u: isGroupHom(f; h; g); Alf] F C[f]
H
GroupHom I'; f: GroupHom(h; g); A[f] F C[f]

Table 4. Inference rules for group homomorphisms.
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3.7 Formalization of Group Mappings
The group homomorphism We first define group homomorphisms:
isGroupHom(f; h; g) < Va: Cary Vy: Carp.(f (x*,y) = f x x4 fy € Cary);
GroupHom(h; g) < {f: Carp — Car, | isGroupHom(f; h;g)}.
Their inference rules are in Table /4.
Group homomorphisms preserve group structure. Put differently, if f is a

group homomorphism from A into g, we might know the structure of g from that

of h. For example, f maps 1; to 14, and maps a;l to (f a);l for a € Cary; if s

is a subgroup of h, then the image of s under f is a subgroup of g
I't g € Group, '+ f € GroupHom(h; g) I'ts Caroup, b .
I' - {Car = {z: Cary | Jy: Cary.(x = fy € Cary)};x = %41 = 1,;inv = invy} ’
gG'roupi g

if t is a subgroup of g, then the inverse image of ¢ under f is a subgroup of A

I' F h € Group; I't f € GroupHom(h; g) 't Caroup, 9
I't{Car = {x: Cary, | f 2 € Car;} ;% = %31 = 1p;inv = invy} Caroup, b

We have proved all these properties of homomorphisms in IMetaPRL.

Other group mappings Similarly, we can define group monomorphism, group
epimorphism, and group isomorphism etc. as
GroupMono(h; g) < {f: GroupHom(h; g) | Injective(f; Carp;Cary)},
GroupEpi(h; g) < {f: GroupHom(h; g) | Surjective(f; Carp; Carg)},
h =g« {f: GroupHom(h;g) | Bijective(f; Cary; Carg)},

where Injective( f; Cary; Cary), Surjective( f; Cary; Cary), Bijective(f; Carp; Carg)
means f is injective, surjective, and bijective from Carj, to Car, respectively.

If f is a group epimorphism from h to g, then h is abelian implies g is abelian.
If f is a group isomorphism, then its reverse mapping is also a group isomorphism.

3.8 Formalization of Group Kernels
We define the group kernel of a homomorphism f from h to g as
GroupKer(f;h;g) <
{Car = {z: Cary, | f oz =14 € Carg};* = ;1 = 1p;inv = invy }.
Its introduction rule is
I' - h € Group, I' g € Group, I'+ f € GroupHom(h; g)
I' - GroupKer(f;h;g) € Group,
We proved if h € Group,, g € Group,, and f € GroupHom(f;h;g), then
GroupKer(f;h; 9) CGroup, h; what’s more, GroupKer(f; h; g) <; h (because both
cosets of GroupKer(f;h;g) containing any x € Car, are equal to the set whose

element has the same image under f as x). We also proved that f is a group
monomorphism from A to g if and only if the kernel of f contains 15 alone.

12
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3.9 Formalization of Quotient Group

Traditionally, if G is a group and H is a normal subgroup of G, then the collection
of all cosets of H in G together with the multiplication of cosets in the form

(aH)(bH) = abH a,be G

forms a group called quotient group, or factor group.

Equivalently the quotient group of G by H can also be defined as the set
of collections of elements in G together with G’s binary operation *, where two
elements a,b € G are in the same collection if and only if a * b~! € H.

So we define the quotient group of g by h as

g/h {Car = quot z,y : Car,//x *, yg_l € Carp;x = %4;1 = 1,;inv = invg}7

where the elements of quot x,y : Cary//z %, yg’l € Cary, are the elements of Carg,
but the equality is determined by the equivalence relation x *, y L e Cary,.

Compared with specifying the quotient group as a set of cosets, our formaliza-
tion using the quotient type has many advantages. If we use the former method,
then first g/h will be in Group;,;, not Group,; second, it is difficult to define
operations on cosets, but for quotient type, we have them for free (we only need
to prove that they are well-formed); third, we will not be able to prove the
Fundamental Homomorphism Theorem because for a given coset we will not be
able to construct an element of this coset since there is no axiom of choice in
intuitionistic type theory.

With our formalization, assuming h <; g, we have proved g/h € Group;, and
if g is abelian, then g/h is abelian. Also, Az.z is an epimorphism of g to g/h
with kernel h. We also proved the First Isomorphism Theorem for Groups, which
states that if k is the kernel of a group epimorphism from g to h, h is isomorphism
to the quotient group g/k.

4 Discussion, Conclusions, Future Work

We have shown an initial part of the formalization of abstract algebra that pro-
vides a general-purpose account using records to specify first-class algebraic ob-
jects. This formalization has shown itself to be quite natural compared with
many other methods, and reasoning often corresponds closely to textbook ac-
counts. We believe this methodology can be extended easily to more advanced
algebraic objects.

4.1 Ring/Field Theory

We have not yet implemented any parts of ring and field theory; however we
do believe that we already have a good understanding on how to proceed. The
objective is to use a rename operation in the record theory that would allow
renaming fields of record objects (but not record types). Then we could define

13



the ring type by simply extending the existing group theory types with extra
fields. We could define, for example,

Prering; < {Groupoid,; +: Car — Car — Car;0: Car;neg: Car — Car}

additive_group(r) < rename(+ ~» *,0 ~> 1, neg ~~ inv){r}

The proof automation for rename should be capable of easily establishing
Vr : Prering,;.additive_group(r) € Pregroup,;. In turn, this would allow us to
define

isRing(g) <  isSemigroup(g)
A isGroup(additive_group(r)) A isCommut(additive_group(r))
AVa,b,c: Car,..((a 4 b) *,. ¢ = a *, ¢ +, b *, ¢ € Car, A
a*, (b+rc)=ax*.b+,ax*.c€ Car,)

and allow reusing all the existing group theorems for the additive group of a ring.

4.2 Comparison with the Formalization in CZF

We have also formalized group theory inlMetaPRLI CZF, which is based on Aczel’s
Constructive Zermelo-Fraenkel set theory [1,2]. In the CZF formalization, groups
and other objects are specified as a set of rules [18,[19], where the parts of an
object are labeled constants. This is adequate for formalizing many objects in
abstract algebra; we can derive theorems about them, and we can also formalize
specific objects. However, with this method, the formalized objects are not first-
class, which makes it impossible to quantify over them. We would need first-class
modules to make it work effectively, a feature not yet supported in [IMetaPRL.
In addition, the formalization is awkward because typing axioms are not cleanly
separated from the principal algebra axioms. In our type theory formalization,
all objects are first-class and the type information is cleanly separated.

On the other hand, set theory is more natural in some cases. For example,
types use intensional equality, but we often care more about extensional proper-
ties of algebraic objects. We are currently investigating extensional type-theoretic
interpretations.
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